This work presents the application of the differential transform method (DTM) to the model of pollution for a system of three lakes interconnected by channels. Three input models (periodic, exponentially decaying, and linear) are solved to show that DTM can provide analytical solutions of pollution model in convergent series form. In addition, we present the posttreatment of the power series solutions with the Laplace-Padé resummation method as a useful strategy to extend the domain of convergence of the approximate solutions. The Fehlberg fourth-fifth order Runge-Kutta method with degree four interpolant (RKF45) numerical solution of the lakes system problem is used as a reference to compare with the analytical approximations showing the high accuracy of the results. The main advantage of the proposed technique is that it is based on a few straightforward steps and does not generate secular terms or depend of a perturbation parameter.
Introduction
Semianalytical methods like differential transform method (DTM) [1] [2] [3] [4] , reduced differential transform method (RDTM) [5] [6] [7] , homotopy perturbation method (HPM) [8] [9] [10] [11] [12] [13] [14] [15] [16] , homotopy analysis method (HAM) [17] , variational iteration method (VIM) [18] , and generalized homotopy method [19] , multivariate Padé series [20] , among others, are powerful tools to approximate linear and nonlinear problems in physics and engineering. Analytical solutions aid researchers to study the effect of different variables or parameters on the function under study easily [21] . Among the above-mentioned methods, the DTM is highlighted by its simplicity and versatility to solve nonlinear differential equations. This method does not rely on a perturbation parameter or a trial function as other popular approximative methods. In [1] , the DTM was introduced to the engineering field as a tool to find approximate solutions of electrical circuits. DTM produces approximations based on an iterative procedure derived from the Taylor series expansion. This method is very effective and powerful for solving various kinds of differential equations as nonlinear biochemical reaction model [2] , two point boundary-value problems [22] , differential-algebraic equations [23] , the KdV and mKdV equations [24] , the Schrodinger equations [25] , fractional differential equations [26] , and the Riccati differential equation [27] , among others.
Therefore, in this paper, we present the application of a hybrid technique combining DTM, Laplace transform, and Padé approximant [28] to find approximate analytical solutions for a pollution model [29] [30] [31] [32] [33] [34] . The aim of the model is to describe the pollution of a system of three lakes [35] [36] [37] [38] [39] as depicted in Figure 1 . Each lake is considered to be as large compartment and the interconnecting channels as pipes between the compartments with given flow directions. Initially, a pollutant is introduced into the first lake at a given rate which may be constant or may vary with time. Therefore, we are interested in knowing the level of pollution in each lake at any time. We assume the pollutant in each lake to be uniformly distributed throughout the lake by some mixing Figure 1 : Three lakes system with interconnecting channels.
process, and the volume of water in any of the three lakes remains constant. Also we assume that the type of pollution is persistent and not degrading to other forms. We will consider three input models for the pollution source: periodic, exponentially decaying, and linear. To the best of the authors' knowledge, the periodic and exponential decaying input models are not reported in literature as potential behaviours for the pollution source. Solutions to this problem are first obtained in convergent series form using the DTM. To improve the solution obtained from DTM's truncated series, we apply Laplace transform to it, and then convert the transformed series into a meromorphic function by forming its Padé approximant. Finally, we take the inverse Laplace transform of the Padé approximant to obtain the approximate analytical solution. This hybrid method (LPDTM) which combines DTM with LaplacePadé posttreatment greatly improves DTM's truncated series solutions in convergence rate. In fact, the Laplace-Padé resummation method enlarges the domain of convergence of the truncated power series and often leads to an accurate approximation or the exact solution. It is worth mentioning that the constant input model is not treated here, because it was successfully solved by the DTM in [40] .
The proposed method does not generate noise terms also known as secular terms in the solution as the homotopy perturbation based techniques [14] . This property of DTM greatly reduces the volume of computation and improves the efficiency of LPDTM in comparison to the perturbation based methods. What is more, LPDTM does not require a perturbation parameter as the perturbation based techniques (including HPM). Finally, LPDTM is straightforward and can be programmed using computer algebra packages like Maple or Mathematica.
The rest of this paper is organized as follows. In the next section we describe how the DTM can be applied to solve systems of ordinary differential equations. The main idea behind the Padé approximant is given in Section 3. In Section 4, we give the basic concept of the Laplace-Padé resummation method. In Section 5, we give a description of the lakes pollution problem. In Section 6, we apply LPDTM to solve three pollution problems. In Section 7, we give a brief discussion. Finally, a conclusion is drawn in the last section.
Differential Transform Method (DTM)
The basic definitions and fundamental operations of differential transform are given in [1, [22] [23] [24] [25] [26] . For convenience of the reader, we will give a review of the DTM. We will also describe the DTM to solve systems of ordinary differential equations.
Definition 1.
If a function ( ) is analytical with respect to in the domain of interest Ω, then
is the transformed function of ( ).
Definition 2. The differential inverse transforms of the set { ( )} =0 is defined by
Substituting (1) into (2), one deduces that
From Definitions 1 and 2, it is easy to see that the concept of the DTM is obtained from the power series expansion.
To illustrate the application of the proposed DTM to solve systems of ordinary differential equations, one considers the nonlinear system
where ( ( ), ) is a nonlinear smooth function.
System (4) is supplied with some initial conditions
DTM establishes that the solution of (4) can be written as
where (0), (1), (2), . . . are unknowns to be determined by DTM. Applying the DTM to the initial conditions (5) and system (4), respectively, one obtains the transformed initial conditions
and the recursion system
where ( (0), . . . , ( ), ) is the differential transforms of ( ( ), ). Using (7) and (8), we determine the unknowns ( ), = 0, 1, 2, . . . Then, the differential inverse transformation of the set of values { ( )} =0 gives the approximate solution 
where is the approximation order of the solution. The exact solution of problem (4)- (5) is then given by
If ( ) and ( ) are the differential transforms of ( ) and V( ), respectively, then the main operations of DTM are shown in Table 1 . The process of DTM can be described as follows.
(1) Apply the differential transform to the initial conditions (5). (2) Apply the differential transform to the differential system (4) to obtain a recursion system for the unknowns (0), (1), (2), . . . (3) Use the transformed initial conditions (7) and the recursion system (8) to determine the unknowns (0), (1), (2), . . .
(4) Use the differential inverse transform formula (9) to obtain an approximate solution for the initial value problem (4)-(5).
The solutions series obtained from DTM may have limited regions of convergence, even if we take a large number of terms. Therefore, we propose to apply the Laplace-Padé resummation method to DTM truncated series to enlarge the convergence region as depicted in the next sections.
Padé Approximant
Given an analytical function ( ) with Maclaurin's expansion
The Padé approximant to ( ) of order [ , ] which we denote by [ / ] ( ) is defined by [28] [ ] (
where we considered 0 = 1, and the numerator and denominator have no common factors. The numerator and the denominator in (12) are constructed so that ( ) and [ / ] ( ) and their derivatives agree at = 0 up to + . That is,
From (13), we have
From (14), we get the following algebraic linear systems:
. . .
From (15), we calculate first all the coefficients , 1 ≤ ≤ . Then, we determine the coefficients , 0 ≤ ≤ from (16) . Note that for a fixed value of + +1, error (13) is smallest when the numerator and denominator of (12) have the same degree or when the numerator has degree one higher than the denominator.
Laplace-Padé Resummation Method
Several approximate methods provide power series solutions (polynomial). Nevertheless, sometimes, this type of solutions lacks of large domains of convergence. Therefore, LaplacePadé [29] [30] [31] [32] [33] [34] resummation method is used in literature to enlarge the domain of convergence of solutions or inclusive to find the exact solutions.
The Laplace-Padé method can be summarized as follows.
(1) First, Laplace transformation is applied to power series (9).
(2) Next, is substituted by 1/ in the resulting equation.
(3) After that, we convert the transformed series into a meromorphic function by forming its Padé approximant of order [ / ] . and are arbitrarily chosen, but they should be smaller than the order of the power series. In this step, the Padé approximant extends the domain of the truncated series solution to obtain a better accuracy and convergence. (5) Finally, by using the inverse Laplace transformation, we obtain the exact or approximate solution.
Description of Pollution Problem
A system of lakes is a set of lakes interconnected by channels. These lakes are modelled by large compartments interconnected by pipes [36] . Figure 1 shows a system of three lakes. At = 0, a pollutant is introduced, for example, from a factory into one of the lakes (here lake 1) at rate ( ). Then the polluted water flows into the other lakes through the channels or pipes as indicated by the arrows [41] . We also assume that the volume of water in each lake does not change and that the pollutant is persistent and uniformly distributed in each lake. With these assumptions, we want to predict the level of pollution in each lake for ≥ 0.
To model the dynamic behavior of the system of lakes, let and ( ), = 1, 2, 3 denote the volume of water and the amount of pollutant in lake , respectively. Then the concentration of the pollutant in lake at time ≥ 0 is given by
If we assume further that the flow rate from lake to lake is constant, then the flux ( ) of the pollutant flowing from lake into lake for ≥ 0 is given by
Thus, ( ) measures the rate at which the concentration of the pollutant in lake flows into lake at time . Applying the principle rate of change of pollutant = Input rate − output rate,
to each lake, we obtain the following system of first order ordinary differential equations:
If we assume that the lakes are initially free from pollutant, then the initial conditions for (20) are
Since the volume of water in each lake is constant for ≥ 0, then the rate of incoming flow is equal to the rate of outgoing flow for each lake. This leads to the following conditions on flow rates: 
Numerical Simulation
In this section we will apply the LPDTM described in the previous sections to find approximate analytical solutions for three pollution models to illustrate the accuracy and effectiveness of the method. To simulate the pollution in the lakes we coded the LPDTM in Maple17.
Periodic Input
Model. This input model is used when the pollutant is introduced into the lake 1 periodically. As an example we take ( ) = + sin , where is the average input of concentration of pollutant, is the amplitude of fluctuations, and is the frequency of fluctuations. Taking = = = 1 and the parameters values given in (23), then system (20) 
with the initial conditions
For the solution procedure with LPDTM, we take the differential transform of (25) 
Using (26) and recursion system (27), we compute the first few terms 
Using (9) and (28), we obtain the seventh and eight order solution approximations 1 ( ) ≅ 
The solutions series obtained from the DTM may have limited regions of convergence, even if we take more terms. We can increase accuracy by applying the Laplace-Padé posttreatment described in the previous sections. First, we apply -Laplace transforms to (29) . Then, we substitute by 1/ and apply -Padé approximants to the transformed series. Finally, we substitute by 1/ and apply the inverse Laplace -transforms to the resulting expressions to obtain the approximate solution.
Applying Laplace transform to (29) 
For the sake of simplicity we let = 1/ in (30) 
Finally, applying the inverse -Laplace transforms to the Padé approximants (33), we obtain the following approximate solutions for pollution problem (24)- (25) 
Computing ( ), = 1, 2, 3 for = 1, . . . , 7, and using (9) we obtain the seventh and fourth order solution approximations 
Applying -Laplace transforms to (39) . Then, substituting by 1/ and taking the -Padé approximants 
Linear Input
Model. This input model is used when the pollutant is introduced into the first lake with a linear concentration; that is ( ) = , where is a positive constant. If we take = 100 and the parameters values given in (23), then system (20) 
For the solution procedure with LPDTM, we take the differential transform of (42) and system (41) , respectively, to get
and the recursion system 
Computing ( ), = 1, 2, 3 for = 1, . . . , 6, and using (9) we obtain the sixth order solution approximation 
Discussion
In this work, we presented the differential transform method (DTM) as a useful analytical tool to solve a pollution model for a system of three lakes. Three input models were successfully solved. For each of the three cases solved here, the DTM transformed the dynamic model into a recursion system for the coefficients of the power series solution. To improve the convergence of the DTM solution, a LaplacePadé posttreatment is applied to the DTM's truncated series leading to the approximate solution. Additionally, the solution procedure does not involve unnecessary computation like that related to noise terms [14] . This property of the DTM greatly reduces the volume of computation and improves the efficiency of the proposed method. It should be noticed that these problems were effectively handled by LPDTM method due to the malleability of DTM and resummation capability of Laplace-Padé. For comparison purposes, the Fehlberg fourth-fifth order Runge-Kutta method with degree four interpolant (RKF45) [42, 43] build-in in Maple CAS software was used to obtain the exact solution of the pollution problems. The routine was configured to use an absolute error (A.E.) of 10 −12 . Figures  2, 3, and 4 show the comparison among exact solutions and the LPDTM approximations for the input models: periodic, exponential, and linear. In general terms, the absolute error is low for all approximations. If required, the error can be reduced by increasing the order of the DTM approximations in combination with a posttreatment of Laplace-Padé resummation method of higher order.
On the one hand, semianalytical methods like HPM, HAM, and VIM, among others, require an initial approximation for the solutions sought and the computation of one or several adjustment parameters. If the initial approximation is properly chosen, the results can be highly accurate. Nonetheless, no general methods are available to choose such initial approximation. This issue motivates the use of adjustment parameters obtained by minimizing the least-squares error with respect to the numerical solution.
On the other hand, DTM or LPDTM methods do not require any trial equation as a requisite for starting the method. Moreover, DTM obtains its coefficients using an easily computable straightforward procedure that can be implemented into programs like Maple or Mathematica.
Conclusion
This work presents LPDTM as a combination of DTM and a resummation method based on the Laplace transforms and Padé approximant. Firstly, the solutions of a pollution model of a system of three lakes are obtained in convergent series forms using DTM. Next, in order to enlarge the domain of convergence of the truncated power series, a posttreatment combining Laplace transform and Padé approximant is applied. This technique greatly improves the DTM's truncated series solutions in convergence rate. Additionally, DTM is an attractive tool, because it does not require a perturbation parameter to work and it does not generate secular terms (noise terms) as other semianalytical methods like HPM, HAM, or VIM. The proposed method (LPDTM) is based on a straightforward procedure, suitable for engineers. Finally, further research should be performed to solve other highly nonlinear dynamic models.
